Introduction
The problem discussed in this paper is how to recover closed boundaries from a set of spatially separated boundary segments.* A commonly used method for this problem is curve linking. Although we can incorporate various geometric and sometimes gray level properties to select segments for the linking, these features are in essence very local. Since the closure of a boundary is a global property, some global criterion to re-evaluate local linking is required. As a result, an algorithm for this problem usually becomes complicated, and it is inevitable to introduce many heuristics (heuristic evaluation functions), which obscures the performance of the algorithm.
The algorithm presented in this paper does not use a curve linking scheme but recovers the medial axes of closed boundaries from the Voronoi diagram of the given segments. Fig. 1 shows our basic approach to closed boundary detection. The Voronoi diagram may be less local than the linking because a segment can interact with others at large distances through the Voronoi "
diagram. As will be discussed below, the Voronoi diagram represents various geometric properties such as the shapes of segments and geometric relations among them, whereas geometric properties of their endpoints are the major characteristics used in a curve linking algorithm. In this sense, using the Voronoi diagram, we will be able to incorporate a richer set of geometric properties for closed boundary detection. (Of course, since -*Gnerally, the input boundary segments form multiple closed boundaries.
-b-"~ information about shapes of the closed boundaries is missing, some heuristics are inevitable to recover them.)
The Voronoi diagram was originally defined for a point set in the plane (or in multi-dimensional space) to partition the space into disjoint subspaces. Each subspace is defined as the
•-.I set of locations closest to a certain data point and can be considered as the neighborhood of that point. As is well known, Informally, the process of generating the Voronoi diagram of a set of objects can be described as follows. Imagine that the space is filled with some flammable material and a fire is This definition of the Voronoi diagram is exactly the same as the "grassfire" definition of the medial axis transform [4] [9]. The differences between them are:
(a) The Voronoi diagram is defined for a set of disjoint objects, while the medial axis transform is defined for a closed boundary.
(b) The medial axis contains the distance from each point on it to the nearest boundary.
In fact, Lee (101 proposed a fast algorithm to compute the medial axis of a polygon by using the Voronoi diagram. Fischler and Barrett [4] gave different labels to parts of a closed boundary and applied "Voronoi expansion" to generate a smooth medial axis of the boundary.
Our basic idea for recovering closed boundaries from a set of disjoint segments is as follows (Fig. 1) . In what follows, we will explain the algorithm for extracting medial axes from the Voronoi diagram of a set of straight line segments in the two-dimensional Euclidean plane. The e tension to curved segments will be considered in the discussion.
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Geometric labeling of Voronoi edges
Suppose we are given a pair of line segments. In general, their Voronoi diagram is as shown in Fig. 2 , where the space is divided into two half spaces (Voronoi regions) by a continuous curve (Voronoi edge).
(Note that all figures in this paper are only for illustrative purposes; they were not obtained from real data.) The Voronoi edge is the locus of points at the same distance from the line segments, and is composed of five segments. According to the notation used in [2] , these segments As is obvious from this example, the Voronoi diagram represents various geometric properties of the pairs of line segments. We will be able to use these properties for shape analysis. But, since each Voronoi edge is composed of several segments representing different geometric properties, we cannot regard it as a unit for shape analysis. Our fundamental idea in this paper is to partition each Voronoi edge into small segments by using the geometric labels (B(a,c), B(c,(a,b)), etc.) and to consider those segments as elements for processing. We will use three labels for segments, and call them P-P (point to point), P-L (point to line), The situation illustrated in Fig. 2 is just one example of the geometric relations between two line segments. Fig. 3 shows other examples, where the labeling changes according to the geometric relation between the segments. We will be able to extract various geometric properties by using this labeling scheme, such as symmetry, collinearity, parallelism, and so on.
An important property of this labeled Voronoi diagram is
, and L 4 denote four half straight lines which are perpendicular to a line segment t at its endpoints (Fig. 4) . The border of the Voronoi region of t intersects at most once with each of LI-L 4 .
Proof. Suppose the border of the Voronoi region intersects twice with L I , and let P 1 and P 2 denote the intersections and e an endpoint of Z as shown in Fig. 4 . Draw circles, C 1 and C 2 , centered at p, and P 2 with radi of Pe and Pe, respectively, where
Ple and P2 e denote distances between two points. Then the circle C 1 entirely includes C 2 except for e. This contradicts the definition of the Voronoi diagram; in order for P 2 to be on the Voronoi diagram, there must be at least one point P on C 2 which belongs to another line segment. Then, since PI<P--e P 1 cannot be a point on the border of the Voronoi region of 1.
(P-e is the shortest distance between P 1 and t, and P 1 is nearer to P than Z.)
In this paper we do not describe an algorithm to realize the geometric labeling and assume that the Voronoi diagram is labeled and that each point on the diagram contains the distance to the nearest line segment. But, if there are other line segments, the region may intersect with some of them. Therefore, in order to determine whether or not P-L segments are to be included in the medial axis, we have to consider geometric relations to other line segments. -. .. .. ... . . . . . .,,,. .   -.. . . . ., '. . .. -. . --. -. . -. . -. . -. ' ..
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Case 3:
Concave polygon In short, L-L segments in the Voronoi di .gram are important keys for recovering the medial axis, but some global process is necessary for checking consistency among them (that is, whether they specify the inside or the outside of a boundary).
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Algorithm
We will now describe our algorithm to extract medial axes from the Voronoi diagram of a set of line segments. The algo-S.-rithm usually extracts multiple connected subgraphs from the Voronoi diagram and regards them as the medial axes of closed boundaries.
We assume that the Voronoi edges are labeled and segmented into L-L, P-L, and P-P segments, and use the following notation. Since the ordinary algorithms for constructing the Voronoi diagram do not use these geometric labels, we have to modify them to obtain the labeled Voronoi diagram.
* From Theorem 1, these symbols are unique.
**
Note that at most two disjoint L-L segments can be formed between a pair of line segments (see Fig. 3(b) ).
STEP 1: Erasing redundant P-P segments
There are many obviously redundant P-P segments which extend to infinity. We can remove these segments from the Voronoi diagram. Note that neither L-L nor P-L segments extend to infinity, because the rectangular regions where they are included are "bounded" (see Fig. 3) .
(In the case of a bounded picture, we can remove these P-P segments touching picture edges, --.--.-. n .. -' -'-.. -'.'-:\ .', ' ' .',.',.'." . . " " .. .. ..-'--,-.'--'. ' ...-, (Fig. 8) .
We can use these subgraphs to segment complex polygons into simple convex polygons.
All L-L segments are included in the subgraphs. In most cases, all P-L segments are also merged into them, because P-L segments are usually adjacent to L-L segments. In special cases such as shown in Fig. 9 , however, some P-L segments are isolated and not included in any subgraph. Since these isolated P-L segments can also be considered as representing convex areas, Since the labeled Voronoi diagram is connected even after STEP 1, there are Voronoi edges (usually P-P segments) connecting contradicting subgraphs. Thus, if a P-P segment directly connects two contradicting subgraphs, we regard it as redundant (side-effect of a gap) and remove it. By this process, some subgraphs are isolated from the others (Fig. 10) .
Since all contradicting subgraphs are not directly connected by a single P-P segment, some of them are still connected.
In order to disconnect contradicting subgraphs, we first find a path connecting two contradicting subgraphs G i and Gj.
It is easy to find the path to be disconnected by following the border of the Voronoi region of the line segment II so that LLIQ h or PLjk I are included in both of G i and Gj (Fig. 11) .
It is obvious that this path consists of P-P segments and/or isolated P-L segments (no LL-segment is included).
If the path consists of P-P segments alone, we cannot use the contradicting relation to determine which one is to be removed. Fig. 12 illustrates a typical example of this situation.
One heuristic to resolve this conflict is as follows:
(i) Expand Gi and Gj to regions R. and Rj using the distances on them.
(ii) Let Pk (k=l-m) denote the endpoints of P-P segments on the path. P 1 and Pm are endpoints of G i and Gj respectively. We assume the numbering is done from G i to Gj.
Find a k* that satisfies the following conditions:
• i I 0 F Ck* nRi>Ck*NRj and Ck*+l fRi<Ck*+InR.
Here C denotes a circular region expanded from P Since C 1 k1 and Ck are entirely included in R. and R. respectively, there must be a k* satisfying the above inequalities (2k*_-m-l) (iii) Remove a P-P segment between P and P Although process (ii) is asymmetric, this may not be crucial.
If the path includes P-L segments, local processing along the border of the Voronoi region of t alone is not sufficient because the P-L segments have contradicting relations to other subgraphs. Our algorithm uses the following heuristics. Here
Pk (k=l,...,m) denote endpoints of labeled (P-P or P-L) segments on the path P 1 and P denote the endpoints of two contradicting subgraphs G i and G. respectively (Fig. 10) .
(i) Starting from P 1 (P if PIP2(PmP mI is a P-P segment, then merge it to G i (Gj), where P 1 P 2 denotes the labeled segment between P 1 and P 2 .
if P1P2(PmPmI ) is a P-L segment, then (i-1) if the P-L segment belongs to a subgraph contradicting G i (G.), then stop.
1)
(i-2) if the P-L segment belongs to a path connecting G.
3
(G) and Gi(Gj), then stop, whereGi(G j ) denotes a contradicting subgraph of Gi(G.) (see Fig. 13 ).
(i-3) otherwise, merge the P-L segment to Gi(Gj).
U
(ii) Repeat (i) until the merging process stops or comes up with Pm(P . 4 (The above process is performed from P 1 and Pm respectively.)
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(iii) Let P. and P. denote endpoints of the extended subgraphs on the path (1-i, j-m).
(iii-1) If i<j, remove Pi 1 Pi and P P These segments must i-1 i i j+1* be P-P segments; all adjacent L-L and P-L segments were merged into connected subgraphs by STEP 3 and 4 (except in the special case shown in Fig. 3(h) ), and contradicting relations are defined among the subgraphs. Therefore, the segment merged just before the above process steps must be a P-P segment. (c) Remove the shared segments.
Since it is usually easier to merge divided objects than to split a merged object, (a) and (c) may be better than (i) Expand each medial axis into a region using distances on the axis.
(ii) Track the boundary of the expanded region and order the line segments and their endpoints touching the boundary according to the order of the boundary tracking.
(If a line segment is one included at STEP 1, remove it from the ordered set of line segments).
(iii) Apply a gap filling algorithm like [111 to each gap between successive endpoints of line segments.
Since the shape of the medial axis is deformed in neighborhoods of qaps, it is difficult to obtain smooth gap filling from the medial axis.
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Discussion
In principle, our algorithm first extracts convex areas bounded by line segments and merges them unless they are contradicting. The detection of convex areas is based on exact geometric relations among line segments, whereas the merging process incorporates several heuristics. In this sense, our method is still too local to obtain reasonable results in complex situations. If a model of object shape is known, it may be better to control the merging process by using the model.
Another interpretation of the basic conjecture described in (a region with a hole) and the gaps at the corners are very large, some areas defined by L-L segments will be included in both interior and exterior regions. In other words, "false" L-L segments are generated ( Fig. 14(a) ). As shown in Fig. 14(b) , false L-L segments cause conflict between the consistent and contradicting relations. (Fig. 3(h) 6' and 97 using picture processing programs. We should then be able to extend the short line segment £6 or to remove it as noise.
Note that our algorithm works well even for data with large gaps unless false L-L segments are generated. (Fig. 15) .
It may be interesting to compare our method to curve linking.
As explained in Section 2, our method relies on th-t L-L segment de- to the other cases shown in Fig. 3 . That is, its key feature is smooth continuation between segments. In this sense, our method and curve linking are mutually complementary. A combination of these methods should give more reasonable performance: first apply curve linking to obtain long curve segments, then use our method to detect closed boundaries. The long curve segments greatly facilitate our algorithm.
Although the algorithm described in this paper is for a set of line segments, it is also applicable to curve segments.
In this case, we need some preprocessing; if a curve segment includes sharp corners, we divide it into smaller segments at the corners and give a different label to each segment.
As is well known, the medial axis transform has an intrinsic problem: the structure of the medial axis is sensitive to noise. The Voronoi diagram is also subject to the same problem, and sometimes its structure is greatly changed by adding noise (noisy segments) and changing the locations of data segments.
One way to avoid noisy segments is to use a very strict threshold for extracting data segments. Another method is to extract long segments by curve linking and remove shorter ones. As mentioned above, it is also possible to use feedback analysis to examine data segments which cause a conflicting situation between the consistent and contradicting relations, because additional noisy segments usually lead to such a conflict. Although our method is sensitive to the locations of the endpoints L of the line segments, detecting long segments by linking can reduce this sensitivity. 
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